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Abstract—The B-Code is a class of MDS array code with optimal properties for RAID 6. Xu et al. proposed an open problem
in 1999: Are the B-Code constructions strongly equivalent to
perfect one-factorizations of a graph? In this paper, we show
that the constructions of the B-Code of length l are equivalent to
perfect one-factorizations of a l-regular graph on l + r vertices,
where l is an integer not smaller than 4, and r is equal to 1 for
an odd l or 2 for an even l.

I. I NTRODUCTION
Fault tolerance is an important concern in the design of
storage systems [1]. As today’s storage systems grow in size
and complexity, they are increasingly confronted with disk
failures [2], [3] together with latent sector errors [4]. RAID
(Redundant Array of Inexpensive Disks) [5] is a promising
technique to cope with this challenge. Among all levels of
RAID, RAID 5 is widely used in modern storage systems to
recover one disk failure. However, in a RAID 5 subsystem,
another disk failure or a latent sector error that occurs on
another disk can lead to permanent data loss. Under this
background, RAID 6 that can tolerate two disk failures is
expected by storage system designers.
RAID 6 is designed based on a Maximum-Distance Separable (MDS) code of distance 3. Here, a MDS code attains the
Singleton bound [6] and thus has optimal storage efﬁciency
(i.e. the ratio of user data to the total of user data plus
redundancy data). There are two categories of erasure codes
that can be used in RAID 6: Reed-Solomon codes [7], [8]
and array codes [9]. The encoding and decoding processes of
Reed-Solomon codes involve complex ﬁnite-ﬁeld operations,
while the encoding and decoding processes of array codes
use only simple XOR (Exclusive OR) operations. Thus, array
codes are more efﬁcient than Reed-Solomon codes in terms
of computation complexity and are preferred in the design of
RAID 6.
One crucial parameter of array codes for RAID 6 is the
update complexity, which is deﬁned as the average number of
parity bits affected by a change of a single information bit in
array codes. The update complexity of a code can signiﬁcantly
affect the write performance of the corresponding RAID 6,
especially for small writes. It is well-known that the lower
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bound of the update complexity of an array code of distance
3 is 2. For MDS array codes of distance 3 with separate
information and parity columns (such as EVENODD [10],
RDP Codes [11], and Libration Codes [12]), it was proved in
[13] that their update complexity is always strictly larger than
2. Then, a natural question is whether the update complexity of
2 is achievable for MDS array codes of distance 3. A positive
answer to this question was given by several previous work
[14]–[17]. The MDS array codes of distance 3 proposed in
these work, including ZZS Codes [14], X-Code [15], B-Code
[16], and P-Code [17], combine information and parity bits
within columns in order to achieve optimal update complexity,
i.e. 2 for distance 3. Among these array codes, the B-Code
[16] is the representative one, which has optimal length (i.e.
the number of columns), twice of that of X-Code [15] with
the same column size. Here, it should be noted that both ZZS
Codes [14] and P-Code [17] are included in the class of the
B-Code. In current literature, however, the B-Code has been
constructed only for some special families of lengths larger
than 4, including p − 1 and p in [14] and [17] and 2p − 2
and 2p − 1 in [16], where p is an odd prime. The B-Code
constructions for other lengths are still unknown.
Deﬁnition 1 ( [18]): A one-factorization of a graph is a
partitioning of the set of its edges into subsets such that each
subset is a graph of degree one. Here, each subset is called
as a one-factor. A perfect one-factorization is a particular
one-factorization in which the union of any pair of one-factors
forms a Hamiltonian cycle.
(Remark: A Hamiltonian cycle is a cycle in an undirected
graph, which visits each vertex exactly once and also returns
to the starting vertex.)
Xu et al. proved in [16] that the constructions of the B-Code
of length 2n + 1 are equivalent to perfect one-factorizations
of a (2n + 1)-regular graph on 2n + 2 vertices (i.e. a complete graph on 2n + 2 vertices), where n is an integer not
smaller than 2. They also proposed an open problem in [16]:
Are the B-Code constructions strongly equivalent to perfect
one-factorizations of a graph? If a positive answer can be
given to this open problem, the problem of the B-Code constructions in coding theory can then be completely converted
into the well-known problem of perfect one-factorizations in
graph theory, and many results on perfect one-factorizations
can be used for the B-Code constructions.
In this paper, we will show in Section III that the construc-
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tions of the B-Code of length 2n are equivalent to perfect
one-factorizations of a 2n-regular graph on 2n + 2 vertices.
Thus, we have the following result:
Theorem 1: The constructions of the B-Code of length l are
equivalent to perfect one-factorizations of a l-regular graph on
l + r vertices, where l is an integer not smaller than 4, and r
is equal to 1 for an odd l or 2 for an even l.
Before giving a proof on the equivalence, we ﬁrst provide
a brief introduction to the B-Code and its graph description in
the next section.
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Structures of (a) B2n and (b) B2n+1 [16].
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In the following discussion, we will use the above two
examples of B4 and B5 .
It was shown in [16] that the B-Code is a class of array code
of distance 3, which has the following optimal properties:
1) it is Maximum-Distance Separable (MDS);
2) its update complexity is 2, which is the minimum update
complexity that MDS codes of distance 3 can have; and
3) it achieves the maximum length that MDS codes with
optimal update complexity can have.
In structure, the B-Code is an array code of size n × l, i.e.
with n rows and l columns, where l = 2n or l = 2n + 1. It
was proved in [14] that this size has optimal length. For B2n ,
the ﬁrst n − 1 rows are information rows, and the last row is a
parity row. In other words, the bits in the ﬁrst n − 1 rows are
information bits, while those in the last row are parity bits.
The structure of B2n+1 is derived from that of B2n by adding
one more information column as the last column. Figure 1
illustrates the structures of B2n and B2n+1 .

d2,3
p1
Fig. 2.

I
n
f
o

(b)

d3,4
p2

II. T HE B-C ODE AND I TS G RAPH D ESCRIPTION
The algebraic deﬁnition of the B-Code is given as follows:
Deﬁnition 2 (B-Code [16]): Let Hl = (H1 H2 · · · Hl ) be
a binary matrix, where l = 2n or l = 2n + 1, and Hk =
(hi,j )2n×n is a binary submatrix of size 2n × n, for 1 ≤ i ≤
2n, 1 ≤ j ≤ n, and 1 ≤ k ≤ l. Suppose Hl meets the
following three conditions:
1) hi,ni = 1 (1 ≤ i ≤ 2n);
2) the weight (i.e. the number of 1’s) of each row of Hl is
l − 1; and
3) for any m and k (where 1 ≤ m, k ≤ l and m = k), the
square matrix (Hm Hk ) is nonsingular.
If a code’s parity-check matrix is Hl , the code is then called
as the B-Code, denoted by Bl .
Take B4 and B5 for example. Two parity-check matrices
for B4 and B5 are as follows:
⎞
⎛
0 1 0 0 1 0 1 0
⎜ 1 0 0 1 0 0 1 0 ⎟
⎟
(1)
H4 = ⎜
⎝ 1 0 1 0 0 1 0 0 ⎠,
0 0 1 0 1 0 0 1
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Array representations of (a) B4 and (b) B5 .

In the B-Code, because of its optimal update property, each
information bit contributes to the calculation of (or is protected
by) exactly 2 parity bits contained in other columns. Moreover,
any two information bits do not contribute to the calculation
of the same pair of parity bits. These characteristics of the
B-Code are illustrated in Figure 2, which gives the array
representations of B4 and B5 . In this ﬁgure, the di,j ’s (where
1 ≤ i, j ≤ 4 and i = j) are the information bits, while the
pk ’s (where 1 ≤ k ≤ 4) are the parity bits. They are related
by

di,j ,
(3)
pk =
k∈{i,j}

where ‘ ’ denotes the binary sum operation.
Because of the above characteristics of the B-Code, a graph
approach is introduced in [16] to describe the B-Code. In the
graph description of the B-Code, each parity bit is represented
by a vertex, and each information bit that contributes to the
calculation of 2 parity bits is represented by an edge that
connects the two corresponding vertices. Then, B2n can be
described using a (2n − 2)-regular graph on 2n vertices, and
B2n+1 can be described using a (2n − 1)-regular graph on 2n
vertices (i.e. a complete graph on 2n vertices). In the cases of
both B2n and B2n+1 , we label the 2n vertices with integers
from 1 to 2n. For each column of B2n , its n − 1 information
bits are represented by n − 1 edges that are not adjacent to
each other and are not incident to the vertex corresponding
to the parity bit contained in the column. We label all these
n − 1 edges with the same integer that is labeled on the vertex
corresponding to the parity bit contained in the column. This
is the same for the ﬁrst 2n columns of B2n+1 . For the last
column of B2n+1 , its n information bits are represented by
n edges, the union of which forms a one-factor of the graph
on 2n vertices. We label all these n edges with ∞. Figure 3
shows the graph representations of B4 and B5 .
Recall that the B-Code is a class of array code of distance
3, so it can recover the erasure of any two columns. This is
guaranteed by the third condition of Deﬁnition 2. In the graph
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(a)
Fig. 3.

(b)

Graph representations of (a) B4 and (b) B5 .

(a)

description of the B-Code, this condition is equivalent to the
following one:
Condition 1: For any pair of columns of the B-Code, the
union (denoted by G∗ ) of the two corresponding subgraphs
satisﬁes:
1) G∗ does not contain a cycle; and
2) if the two columns both contain a parity bit, G∗ then
does not contain a path whose terminal vertices are
the two vertices corresponding to the two parity bits
contained in the two columns.
The above condition is explained by contradiction as follows.
We consider the ﬁrst opposite case where G∗ contains
a cycle of length r. In such a cycle, suppose the r edges
are e1 , e2 , · · · , er . As we know, in the corresponding square
matrix mentioned in the third condition of Deﬁnition 2, the
column vector corresponding to each edge is a vector of weight
2, whose two 1’s are in the two rows corresponding to the two
vertices of the edge. Then, in the square matrix, the binary
sum of the r column vectors corresponding to e1 , e2 , · · · , er
is a zero vertical vector, which conﬂicts with the nonsingular
property of the square matrix. Thus, G∗ should not contain a
cycle.
If the two columns both contain a parity bit, we then
consider the second opposite case where G∗ contains a path
of length r whose terminal vertices are the two vertices corresponding to the two parity bits contained in the two columns.
In such a path, suppose the two terminal vertices are v  1
and v  2 , and the r edges are e 1 , e 2 , · · · , e r . As we know,
in the corresponding square matrix mentioned in the third
condition of Deﬁnition 2, the column vector corresponding to
the terminal vertex v  1 (or v  2 ) is a vector of weight 1, whose
only 1 is in the row corresponding to the vertex v  1 (or v  2 ).
Then, in the square matrix, the binary sum of the r +2 column
vectors corresponding to the two terminal vertices v  1 and v  2
and the r edges e 1 , e 2 , · · · , e r is a zero vertical vector,
which conﬂicts with the nonsingular property of the square
matrix. Thus, G∗ should not contain a path whose terminal
vertices are the two vertices corresponding to the two parity
bits contained in the two columns.
III. P ROOF ON THE E QUIVALENCE
Xu et al. [16] have proved that the B2n+1 constructions are
equivalent to perfect one-factorizations of a (2n + 1)-regular
graph on 2n + 2 vertices (i.e. a complete graph on 2n + 2 vertices). Thus, we only need to consider the B2n constructions

(b)

Fig. 4. Constructing (a) B4 from (b) a perfect one-factorization of a 4-regular
graph on 6 vertices.

in this section.
We will show that the B2n constructions are equivalent to
perfect one-factorizations of a 2n-regular graph on 2n + 2
vertices by the following two algorithms.
Algorithm 1: Constructing B2n from a Perfect
One-Factorization of a 2n-Regular Graph on 2n + 2
Vertices
(S1)

(S2)

(S3)

Choose arbitrary pair of vertices that are not adjacent
to each other in the regular graph and label them
with 0 and ∞. Then, label the other 2n vertices of
the regular graph with integers from 1 to 2n.
If a perfect one-factorization exists for the regular
graph, then let Fi denote the one-factor that contains
the edge {0, i}, where i = 1, 2, . . . , 2n.
In each Fi , delete the two vertices 0 and ∞ and all
the edges that are incident to these two vertices. For
i = 1, 2, . . . , 2n, label all the remaining edges in Fi
with i.

It can be proved as follows that Algorithm 1 constructs a
(2n − 2)-regular graph on 2n vertices, which meets Condition 1 in Section II. Thus, a corresponding B2n is constructed
by Algorithm 1.
According to Deﬁnition 1 in Section I, in a perfect
one-factorization, for any pair of one-factors Fi1 and Fi2 ,
the union of them forms a Hamiltonian cycle. Then, in the
union of Fi1 and Fi2 , after we delete all the edges that are
incident to the two vertices 0 and ∞, no cycle can exist.
In addition, there also does not exist a path whose terminal
vertices are the two vertices i1 and i2 , otherwise the union
of the path and the two edges {0, i1 } (contained in Fi1 ) and
{0, i2 } (contained in Fi2 ) can form a cycle that does not visit
the vertex ∞, which conﬂicts with the fact that the union of
the two one-factors Fi1 and Fi2 forms a Hamiltonian cycle.
Thus, the (2n − 2)-regular graph on 2n vertices constructed
in Algorithm 1 meets Condition 1 in Section II.
To make Algorithm 1 more easily understood, we give an
example of constructing B4 from a perfect one-factorization
of a 4-regular graph on 6 vertices in Figure 4.
Then, the next natural question is: Can we get a perfect
one-factorization of a 2n-regular graph on 2n + 2 vertices
from B2n ? A positive answer to this question will be given
by the following algorithm.
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Algorithm 2: Constructing a Perfect One-Factorization of a
2n-Regular Graph on 2n + 2 Vertices from B2n
(S1) If B2n exists, use the graph description of B2n
∼
mentioned in Section II and let F i denote the set
of edges with the label i, where i = 1, 2, . . . , 2n.
(S2) Add two vertices 0 and ∞ to the (2n − 2)-regular
graph of vertices 1, 2, . . . , 2n.
(S3) For i = 1, 2, . . . , 2n, add the two edges {0, i} and
∼

{ki , ∞} to F i , where ki is an integer from 1 to 2n
such that the expanded set Fi is a one-factor of the
2n-regular graph of vertices 0, 1, 2, . . . , 2n, ∞.
From Condition 1 in Section II, we can deduce that for any
pair of columns of B2n , the union (denoted by G∗ ) of the two
corresponding subgraphs can be in one of the following two
forms:
1) G∗ consists of an isolated vertex corresponding to a
parity bit contained in the two columns and a path of
length 2n−2 one of whose terminal vertices is the vertex
corresponding to the other parity bit contained in the two
columns; or
2) G∗ consists of two paths that satisfy: i) the sum of their
length is 2n − 2, and ii) one of the terminal vertices
of each path is a vertex corresponding to a parity bit
contained in the two columns.
Thus, in the one-factorization constructed in Algorithm 2,
the union of any pair of one-factors forms a Hamiltonian cycle.
According to Deﬁnition 1 in Section I, Algorithm 2 constructs
a perfect one-factorization of a 2n-regular graph on 2n + 2
vertices.
In this section, we have shown that the B2n constructions
are equivalent to perfect one-factorizations of a 2n-regular
graph on 2n + 2 vertices. Combining our result on the B2n
constructions with the result on the B2n+1 constructions given
by Xu et al. in [16], we can deduce that the Bl constructions
are equivalent to perfect one-factorizations of a l-regular graph
on l + r vertices, where r is equal to 1 for an odd l or 2 for
an even l. This gives a proof of Theorem 1 in Section I.
IV. C ONCLUSION AND R EMARKS
In this paper, we showed an equivalence between the
constructions of the B-Code of length l and perfect
one-factorizations of a l-regular graph on l + r vertices, where
l is an integer not smaller than 4, and r is equal to 1 for an
odd l or 2 for an even l.
In graph theory, it is obvious that a perfect one-factorization
of a 2n-regular graph on 2n + 2 vertices can be obtained
from a perfect one-factorization of a (2n + 1)-regular graph
on 2n+2 vertices (i.e. a complete graph on 2n+2 vertices) by
deleting arbitrary one of its one-factors. However, intuitively,
we believe that the reverse proposition is not always true.
Then, based on the result obtained in this paper, we make a
conjecture, which conﬂicts with that made in [16], as follows:
Conjecture 1: For some positive integer n not smaller than
2, the B-Code (or its dual [16]) of length 2n + 1 cannot be
constructed from the B-Code (or its dual) of length 2n.

To date, we have not found a way of proving the above
conjecture, but leave it as an open problem.
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